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Fig. 3 Heat transfers to cathode
and to coolant vs applied current.
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r = 0.3 and 0.476 cm, a = 15 and 30 deg are depicted in Fig. 2.
It is seen that temperature decreases rapidly along the
nosecone portion of the cathode (0<X<Xj)9 while in the
remaining length of the cathode (Xt <X< 1), the temperature
varies almost linearly. The decrease in a increases the elec-
trical resistance due to the decrease in the cross-sectional area
in the nosecone portion of the cathode. However, it is found
that numerical instability occurs for r = 0.3 cm at 7>500 A
and a = 15 deg and also at /> 1000 A and a = 30 deg. This
numerical instability is attributed to overheating of the
cathode root by Joule's heating when the current exceeds the
above values. Figure 3 shows the variation of Qs and Q0 as a
function of applied current. It is interesting to note that as
current increases, heat transfer to cathode coolant increases,
while heat transfer to cathode tip decreases rapidly and
reaches to zero value at the point where the numerical in-
stability is noticed in the computations. It can be concluded,
therefore, that for 7<500 A, a small diameter and small
semicone angle of cathode is economical, owing to less heat
transfer to coolant, while 7>500 A, a larger diameter, and
short nosecone length of cathode is favorable in order to
prevent melting of the cathode tip due to excessive Ohmic
heating. It would be worthwhile to mention here that the
characteristic cathode voltage UC(=QS/I) decreases with
increasing arc current, while heat transfer to the cathode
coolant increases with increasing arc current, as shown in Fig.
3. This is very similar to the trend observed by conventional
experiments on an MPD arc.5

At the cathode the electron component has to satisfy the
appropriate emission law. It would be inappropriate to
discuss electron emission theories here. However, it is suf-
ficient to mention that a theory of thermionic emission under
the influence of high temperature has been developed by
Richardson.11 The expression for current density can be
written as

j=AT2e\v(-b/T) (3)

where A and b are constants n and Tis cathode temperature.
For the sake of brevity, we are not presenting the current

density profile along the cathode. Integration of Eq. (3) over
the cathode surface yields a value of total discharge current
from cathode to arc. Using thermionic relation only, 70-85%
current continuity condition is satisfied at the cathode root. In
order to satisfy current continuity condition precisely one has
to take into consideration the combined effect of thermionic
and field emission in computation of current density profile
along the cathode and also higher cathode tip temperature.

One disadvantage of invoking the numerical analysis is that
the results do not give a clear functional relation among the
arc current density and temperature at the cathode root vs
cathode geometrical configuration. The following simple
procedure may be adopted for computational purposes in the
thermal design of the cathode:

1) Select the primary cathode geometrical configuration
from Fig. 3 for a given value of applied current.

2) Satisfy the current continuity condition by taking into
account thermionic and field emission expressions. If the
desired accuracy is not achieved, change the geometrical
parameters or cathode tip temperature or both and solve Eqs.
(2) to obtain temperature distribution along cathode.

3) Repeat the preceding steps until the current continuity
condition satisfies a given limit of tolerance.
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Asymmetric Response of Thin

Circular Plates
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Introduction

SCHLAK et all have presented a general integral solution
for the free and forced response of an elastically

supported, thin circular plate subjected to a time-dependent
surface load. The generalized theory contained in Ref. 1
encompasses the axisymmetric analysis of Weiner2 which was
corrected by Fisher.3 An attempt to derive the equations
governing the axisymmetric plate response to a concentrated
central loading from the general solution of Ref. 1 has
disclosed that three of the equations contained in Ref. 1 are
incorrect.

The objectives of this Note are to: 1) indicate the correc-
tions required in the section of Ref. 1 entitled General
Analysis, 2) compare the transient deflection histories from
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Fig. 1 Plate response at 0 = 0 and/? = 0.5.
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the present formulation with those in Fig. 3 of Ramakrishnan
and Kunukkasseril,4 3) demonstrate agreement between the
maximum deflection resulting from quasistatic loading with
the corresponding deformation given in Timoshenko. 5

Analysis
Comparison of Ref. 1 with Refs. 2, 6, and 7 discloses that

Eq. (14) of Ref. 1 should be replaced by

(14a)t (1)

(14b) (2)

The quantity Qmn appears in Eqs. (13) and (17) of Ref. 1. It
should be replaced by Qmns in Eq. (13) and Qmnc in Eq. (17).

This result follows since

sin2nOdd = ( *
Jo

cos2nddO=2, n = 0

S 27T (»2ir

sin 2 nddO =. I cos 2 nOdd = TT,o Jo

Equation (15) of Ref. 1 should read

(3)

-(a2/(l-V-k2a/D)][[2+(ot2
nn+y2

mn)2

/[2y2
mn(l-v-k2a/D)]}J2

n(ctmn)

(15a) (4)

fin the case of two numbers for the same equation, the first number
refers to Ref. 1 and the second is the required numbering in the
present text.

Equation (4) may be recast as

\aR2
mn(r)rdr=(a2/2)[J2

n(amn)-l(2n/amn)Jn(amn)
Jo

x{otmnJn+1(oimn)In(ymn)+ymnJn(ctmn)In+](ymn)

(5)

Equation (5) was first derived in Ref. 6. For otmn=ymn and
kj = 0, special cases of the norm given in Eqs. (4) and (5) have
been derived previously as follows: 1) axisymmetric loading
of an elastically restrained plate—Eq. (25) of Ref. 2; 2)
asymmetric loading of a simply-supported circular plate—Eq.
(108) of Ref. 7; 3) asymmetric loading of a clamped, circular
plate—Eq. (8) of Ref. 4.

With the exception of Ref. 7, which contains a sign error,
the norms in cases 1, 2, and 3 above are identical (within a
multiplicative constant due to the variation in the nor-
malization of the eigenfunctions in the various problems) to
those given by Eqs. (4) and (5).

Numerical Example
The problem chosen for investigation is a half-sine con-

centrated-impact load applied to a clamped circular plate
midway between the center and the clamped boundary. This
loading and boundary condition were investigated in Ref. 4,
where amplitudes and durations of 13.05 kg, 0.5 ms; 14.36 kg,
2.25 ms; and 22.6 kg, 12.5 ms were specified to obtain the
three solutions presented in Fig. 3 of Ref. 4. The required
loading representation for use with the formulation contained
in Ref. l . is

p(r,d,t) =Pd(r-r0)d(6-60)

(6)
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Table 1 Frequencies vs mode numbers

Number

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

(this analysis)

3.1962
4.6109
5.9057
6.3064
7.1435
7.7993
8.3466
9.1969
9.4395
9.5257
10.5367
10.6870
10.9581
11.8345
11.8367
12.4022
12.5771
12.9709
13.1074
13.7951
14.0981
14.1086
14.3552
15.1499
15.2175
15.5795
15.5846
15.7164
16.3303
16.4751

Qa(Ref.4)

3.1960
4.6110
5.9057
6.3064
7.1435
7.7993
8.3466
9.1969
9.4395
9.5257
10.5367
10.6870
10.9581
11.8345
11.8367
12.4022
12.5771
12.9770
13.1074
13.7951
14.1086
15.5795
15.7164
17.2557
18.7440
18.8565
20.4010
21.9977
23.5453
25.1379

/i*"

0
1
2
0
3
1
4
2
0
5
3
6
1
7
4
2
0
8
5
3
9
1
6
4
10
2
7
0
11
5

m*

0
0
0
1
0
1
0
1
2
0
1
0
2
0
1
2
3
0
1
2
0
3
1
2
0
3
1
4
0
2
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aQ defined in Eq. (5) of Ref. 1.
in this analysis.

D n and m correspond to frequencies determined
Effect of Nonhomogeneity

in Orthotropic Curved Plates

where Pis the applied concentrated load.
Note that a comparison of Eq. (6) with Eq. (25) of Ref. 1

demonstrates that the factor of (1/r) lias been omitted from
the right-hand side of the latter equation. Results obtained in
the present analysis for the above half-sine pulses are plotted
in Fig. 1 using the dimensionless variables introduced in Ref.
4. The variables associated with the ordinate are W= W/a and
P=P/ (dC) with the W'the transverse displacement, P [not P
as in Eq. (6)] the applied concentrated load, a the plate radius,
and c the extensional rigidity. P is defined incorrectly in the
Appendix of Ref. 4, but was subsequently defined as given
above the Kunukkasseril and Chandrasekharan.8 The ab-
scissa is obtained by dividing the elapsed time by the period of
the fundamental mode of the plate ( T f = 5.03 x 10 ~3 s). Due
to the normalization by the applied concentrated load, the
static solution from Ref. 5, shown as a solid horizontal line in
Fig. 1, is identical for these three loadings. The discrepancies
between Figs. 1 and Fig. 3 of Ref. 4 are attributed to:

1) The use of the incorrect normalization condition

p2ir / • /I. L w-
in Eq. (8) of Ref. 4 instead of that given by Eq. (3).

2) The omission of several modes in the tabulation of the
first 30 modes given in Table 1 of Ref. 4. For comparison, the
lowest 30 modes employed in the present analysis as well as
those given in Ref. 4 are tabulated in Table 1.

The effect of increasing the number of modes in the
solution from 30 to 60 is barely perceptible (the curves of Fig.
1, where the 60-mode solutions are plotted, are changed by
less than 1%). As a further check on the solution, the 22.6-kg
load was applied in the quasistatic manner by specifying the
dimensionless duration of impact as (Ixl07) / /7y. As
required, the maximum response occurred at t/Tf = 0.5 x 107

and was 0.99 of that given by Ref. 5.

Nicos M. Patsalides* and Thomas J. Kimf
University of Rhode Island, Kingston, R.L

Introduction

IN the design of fiber-reinforced plastic structures, it is
often necessary to use fibers with different modulus and

strength properties (mixing and matching method) in order to
minimize the extreme fiber stress. Curved members of
uniform thickness and such type of mixed fiber structure may
then be approximated by radially nonhomogenous or-
thotropic curved plates. The problem of an orthotropic
homogenous plate was first attempted by Carrier.1 Later,
Bert2 and Shaffer3'4 obtained the general solutions for
nonhomogenous disks and tubes. Using linear elasticity
theory, Griffin5 studied the bending behavior of an isotropic
homogenous thick curved plate due to edge loadings, and
compared his results with elementary theory.

In this paper, the bending behavior of a nonhomogenous
orthotropic curved plate subjected to surface tractions and
edge forces is investigated. The layered fiber reinforcement in
the plate is assumed to be radially nonhomogenous and or-
thotropic, and the Airy's stress function approaches used.

Analysis
The stress-strain relations for an orthotropic and radially

nonhomogenous elastic material can be written in the form6:

(1)
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